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1. INTRODUCTION 

The binary quadratic equation of the form 𝑦2 = 𝐷𝑥2 + 1, 

where D is a non-square positive integer, has been studied  by 

various mathematicians for its non-trivial integral solutions 

when D takes different integral values [1,2,3,4]. In [5], 

infinitely many pythogorean triangles in each of which 

hypotenuse is four times the product of the generators added 

with unity are obtained by employing the non-integral solutions 

of binary quadratic equation 𝑦2 = 3𝑥2 + 1. In [6], a special 

pythogorean triangle is obtained by employing the integral 

solutions of 𝑦2 = 10𝑥2 + 1. In [7], different patterns of 

infinitely many pythagorean triangles are obtained by 

employing the non-trivial solutions of 𝑦2 = 12𝑥2 + 1. In this 

context, one may also refer [8-18]. These results have 

motivated us to search for the integral solutions of yet another 

binary quadratic equation 511 22  xy representing a 

hyperbola. A few interesting properties among the solutions are 

presented. Employing the integral solutions of the equation 

under consideration, a special pythagorean triangle is obtained. 

2. METHOD OF ANALYSIS 

The positive Pell equation representing hyperbola under 

consideration is 

              
511 22  xy

    (1) 

  whose smallest positive integer solution is
 

        
4,1

00
 yx

 

To obtain the other solutions of (1), consider the pell equation 

                              
  

111 22  xy
                                        (2) 

       whose initial  solution is   

                        
10~,3~

00
 yx

 
   The general solution of (2) is given by 
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  where 

         
    ,1131011310
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nf
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nn

ng

 n = -1, 0, 1, 2…… 

Applying Brahmagupta lemma between the solutions of 

),(
00

yx  and )~,~(
nn

yx , the other integer  solutions of (1) are 

given by
 

 nnn
gfx

112

4

2

1
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                                                            (3)  

nnn
gfy

112

11
2

1
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              (4) 

 

Thus (3) and (4) represent the non-zero distinct integer 

solutions of (1). 

The recurrence relations satisfied by the values of  
1n

x  and  

1n
y  are   respectively.

 
......1,0,1,020

.......1,0,1,020

123

123


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



nyyy

nxxx

nnn

nnn
 

A few numerical examples are given in the following Table: 

2.1 below: 
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Table: 2.1 NUMERICAL EXAMPLES 

n  1nx
 1ny

 

-1 1 4 

0 22 73 

1 439 1456 

2 8758 29047 

2.1 A few interesting relations among the solutions are given       

below 

1. 020
321


 nnn
xxx  

2. 03311110
121


 nnn
yxx  

3. 03311011
221


 nnn
yxx  

4. 0332189110
321


 nnn
yxx  

5. 060199
131


 nnn
yxx  

6. 0310
121


 nnn
yxx  

7. 01033
211


 nnn
yyx  

8. 0199660
311


 nnn
yyx  

9. 06
231


 nnn
yxx  

10. 01066
211


 nnn
yyx  

11. 01102189363
321


 nnn
yyx  

12. 060199
331


 nnn
yxx  

13. 0331102189
132


 nnn
yxx  

14. 0310
232


 nnn
yxx  

15. 0310
332


 nnn
yxx  

16. 01033
212


 nnn
yyx  

17. 0310
221


 nnn
yxx  

18. 01033
322


 nnn
yyx  

19. 02189110363
213


 nnn
yyx  

20. 01033
323


 nnn
yyx  

21. 0199660
313


 nnn
yyx  

22. 066
312


 nnn
yyx  

23. 020
321


 nnn
yyy  

2.2 Each of the following expression represents a cubic 

integer
 

i.     
123343

146831468
15

1



nnnn

xxxx      

ii.     
133353

29128329128
300

1



nnnn

xxxx  

iii.     
113333

2283228
5

1



nnnn

xyxy  

iv.     
123343

484834848
50

1



nnnn

xyxy  

v.     
133353

96588396588
995

1



nnnn

xyxy  

vi.     
234353

291214632912146
15

1



nnnn

xxxx  

vii.     
214333

22146322146
50

1



nnnn

xyxy  

viii.     
224343

4841463484146
5

1



nnnn

xyxy  

ix.     
234353

965814639658146
50

1



nnnn

xyxy  

x.     
315333

2229123222912
995

1



nnnn

xyxy  

xi.     
325343

484291234842912
50

1



nnnn

xyxy  

xii.     
335353

96582912396582912
5

1



nnnn

xyxy  

xiii.     
214333

22484322484
165

1



nnnn

yyyy  

xiv.     
315333

2296583229658
3300

1



nnnn

yyyy  

xv.     
325343

484965834849658
165

1



nnnn

yyyy  

2.3 Each of the following expression represents a bi-quadratic 

integer
 

i. 
 

  












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45014684

2190120
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1
2

12
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2
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ii. 
 

  



















180000291284

8736002400
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1
2

13

4464

2
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nn
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iii.     50228411040
5

1 2

1144442


 nnnn
xyxy  
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 

  


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



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



500048484

24200400
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1
2
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4454

2
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xy
 

v. 
 

  



















1980050965884

96097107960

995

1
2

13

4464

2

nn

nn

xy

xy
 

vi. 
 

  



















45029121464

436802190

15

1
2

23

5464

2

nn

nn

xx

xx
 

vii. 
 

  



















5000221464

11007300

50

1
2

21

5444

2

nn

nn

xy

xy
 

viii. 

 

  



















504841464

2420730

5

1
2

22

5454

2

nn

nn

xy

xy

 

ix. 
 

  



















5000096581464

4829007300

50

1
2

23

5464

2

nn

nn

xy

xy
 

x. 
 

  



















19800502229124

218902897440

995

1
2

31

6444

2

nn

nn

xy

xy
  

xi. 
 

  



















500048429124

24200145600

50

1
2

32

6454

2

nn

nn

xy

xy
 

xii. 
 

  



















50965829124

4829014560

5

1
2

33

6464

2

nn

nn

xy

xy
 

xiii. 
 

  



















54450224844

363079860

165

1
2

5444

5444

2

nn

nn

yy

yy
 

xiv. 
 

  



















217800002296584

7260031871400

3300

1
2

31

6444

2

nn

nn

yy

yy
 

xv. 
 

  



















5445048496584

798601593570

165

1
2

32

6454

2

nn

nn

yy

yy
 

2.4 Each of the following expression represents a nasty 

number

 

  
2232

146830
15

6



nn

xx  

  
2242

29128600
300

6



nn

xx  

  
2222

22810
5

6



nn

xy  

  
2232

4848100
50

6



nn

xy  

  
2242

965881990
995

6



nn

xy  

  
3242

291214630
15

6



nn

xx  

  
3222

22146100
50

6



nn

xy  

  
3232

48414610
5

6



nn

xy  

  
3242

9658146100
50

6



nn

xy  

  
4222

2229121990
995

6



nn

xy  

  
4232

4842912100
50

6



nn

xy  

  
4242

9658291210
5

6



nn

xy  

  
2222

22484330
165

6



nn

yy  

  
4222

2296586600
3300

6



nn

yy  

  
4232

4849658330
165

6



nn

yy  

2.5  Each of the following expression represents a quintic 

integer     

 

i. 
 

 




























12

3

22

5565

3

1642509000

14685

328501800

15

1

nn

nn

nn

xx

xx

xx
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ii. 

  
 

 




























13

3

13

5575

3

13104000003600000

291285

262080000720000

300

1

nn

nn

nn

xx

xx

xx

 

iii. 
 

 




























11

3

11

5555

3

25001000

2285

500200

5

1

nn

nn

nn

xy

xy

xy

 

iv. 
 

 




























12

3

12

5565

3

6050000100000

48485

121000020000

50

1

nn

nn

nn

xy

xy

xy

 

v. 
 

 




























`13

3

13

5575

3

04780830725396010000

965885

95616614507920200

995

1

nn

nn

nn

xy

xy

xy

 

vi. 
 

 




























23

3

23

6575

3

3276000164250

29121465

65520032850

15

1

nn

nn

nn

xx

xx

xx

 

vii. 
 

 




























21

3

21

6555

3

2750001825000

221465

55000365000

50

1

nn

nn

nn

xy

xy

xy

 

viii. 
 

 




























22

3

22

6565

3

6050018250

4844165

121003650

5

1

nn

nn

nn

xy

xy

xy

 

ix. 
 

 




























23

3

23

6575

3

1207250001825000

96581465

24145000365000

50

1

nn

nn

nn

xy

xy

xy

 

x. 
 

 




























31

3

31

7555

3

10890275001441476400

2229125

217805502882952800

995

1

nn

nn

nn

xy

xy

xy

 

xi. 
 

 




























32

3

32

7565

3

605000036400000

48429125

12100007280000

50

1

nn

nn

nn

xy

xy

xy

 

xii. 
 

 




























33

3

33

7575

3

1207250364000

965829125

24145072800

5

1

nn

nn

nn

xy

xy

xy

 

xiii. 
 

 




























21

3

21

6555

3

299475065884500

224845

59895013176900

165

1

nn

nn

nn

yy

yy

yy

 

xiv. 
 

 




























11

3

31

7555

3

1197900000005258781000

2296585

239580000001051756200

3300

1

nn

nn

nn

yy

yy

yy

 

xv. 
 

 




























32

3

32

7565

3

658845001314695250

48496585

13176900262939050

165

1

nn

nn

nn

yy

yy

yy

 

2.6 Remarkable Observations: 

  
I. Employing linear combinations among the solutions 

of (1), one may generate integer solutions for other choices of 

hyperbolas which are presented in Table: 2.6.1 below. 

Table : 2.6.1 HYPERBOLAS 

S.N

O 
HYPERBOLAS  

nn
YX ,  

1. 990011 22 
nn

YX  
21

12

22484

1468









nnn

nnn

xxY

xxX
 

2. 396000011 22  nn YX  
31

13

229658

29128









nnn

nnn

xxY

xxX
 

3. 110011 22 
nn

YX  
11

11

2288

228









nnn

nnn

yxY

xyX
 

4. 11000011 22  nn YX  
21

12

221606

4848









nnn

nnn

yxY

xyX
 

5. 
4356110011 22  nn YX

 31

13

2232032

96588









nnn

nnn

yxY

xyX

 

6. 990011 22 
nn

YX
 

32

23

4849658

2912146









nnn

nnn

xxY

xxX

 

7. 11000011 22  nn YX
 

12

21

48488

22146









nnn

nnn

yxY

xyX
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8. 110011 22 
nn

YX
 

22

22

4841606

484146









nnn

nnn

yxY

xyX

 

9. 11000011 22  nn YX
 

32

23

48432032

9658146









nnn

nnn

yxY

xyX

 

10. 
4356110011 22  nn YX

 13

31

965888

222912









nnn

nnn

yxY

xyX

 

11. 11000011 22  nn YX
 

23

32

96581606

4842912









nnn

nnn

yxY

xyX

 

12. 110011 22 
nn

YX
 33

33

965832032

96582912









nnn

nnn

yxY

xyX

 

13. 
119790011

22


nn
YX

 12

21

160688

22484









nnn

nnn

yyY

yyX

 

14. 
47916000011 22  nn YX

 13

31

3203288

229658









nnn

nnn

yyY

yyX

 

15. 119790011 22  nn YX
 23

32

320321606

4849658









nnn

nnn

yyY

yyX

 

II. Employing linear combinations among the solutions of (1), 

one may generate integer solutions for other choices of 

parabolas which are presented in Table: 2.6.2 below: 

Table: 2.6.2 PARABOLAS 

S.

N

O 

PARABOLAS  
nn

YX ,  

1. 9900165 2 
nn

YX  
21

2232

22484

301468









nnn

nnn

xxY

xxX
 

2. 39600003300 2  nn YX  
31

2242

229658

60029128









nnn

nnn

xxY

xxX

 

3. 110055 2 
nn

YX  
11

2222

2288

10228









nnn

nnn

yxY

xyX
 

4. 110000550 2  nn YX  
21

2232

221606

1004848









nnn

nnn

yxY

xyX
 

5. 4356110010945 2  nn YX  21

2242

2232032

199096588









nnn

nnn

yxY

xyX

 

6. 9900165 2 
nn

YX
 32

3242

4849658

302912146









nnn

nnn

xxY

xxX

 

7. 110000550 2  nn YX
 12

3222

48488

10022146









nnn

nnn

yxY

xyX

 

8. 440055 2 
nn

YX
 22

3232

4841606

10484146









nnn

nnn

yxY

xyX

 

 9. 110000550 2  nn YX
 32

3242

48432032

1009658146









nnn

nnn

yxY

xyX

 

10. 4356110010945 2  nn YX
 13

2222

965888

1990222912









nnn

nnn

yxY

xyX

 

11. 110000550 2  nn YX
 23

4232

96581606

1004842912









nnn

nnn

yxY

xyX

 

12. 110055 2 
nn

YX
 33

4242

965832032

1096582912









nnn

nnn

yxY

xyX

 

13. 11979001815
2


nn
YX

 12

3222

160688

33022484









nnn

nnn

yyY

yyX

 

14. 47916000036300 2  nn YX  13

4222

3203288

6600229658









nnn

nnn

yyY

yyX

 

15. 11979001815 2  nn YX
 23

4232

320321606

3304849658









nnn

nnn

yyY

yyX

 

2.7 Generation of Pythagorean triangle 

2.7.1   Let p, q be the non-zero distinct integers such that 

11 


nn
yxp , 

1


n
yq  
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Note that 0 qp  treat p, q as the generators of Pythagorean 

triangle  ZYXT ,, where 

   
pqX 2  , ,22 qpY  ,22 qpZ  0 qp  

Let A, P represents the area and perimeter of Pythagorean 

triangle. Then the following results are observed. 

(i) 109112  ZYX  

(ii) 
11

2



nn

yx
P

A
 

(iii)      
P

A
YX

4
   is written as the sum of two squares. 

(iv) 









P

A
X

4
3    is a Nasty number. 

(v) )(3 YZ 
  

is a Nasty number. 

2.7.2   Let p, q be the non-zero distinct integers such that 

11 


nn
yxp , 

1


n
yq  

Note that  0 qp  treat p, q as the generators of Pythagorean 

triangle  ZYXT ,, where 

      pqX 2 , 22 qpY  , 22 qpZ  , 0 qp  

Let A, P represents the area and perimeter of Pythagorean 

triangle. In this case, the corresponding Pythagorean triangle 

satisfies the relation 102122  ZXY  

3. CONCLUSION 

To conclude, one may search for other choices of positive Pell 

equations for finding their integer solutions with suitable 

properties. 
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